Abstract. Finiteness conditions for C
Introduction
In this paper we are concerned with AF-embeddability, quasidiagonality, and stable finiteness of separable C * -algebras associated to labeled graphs. If a C * -algebra A can be embedded into an AF algebra, one can show that it has a faithful representation π of A such that π(A) consists of quasidiagonal operators, namely there is an approximately central sequence of finite rank projections which converges strongly to the unit. A C * -algebra with this property is called quasidiagonal. Quasidiagonality is known to have connection with nuclearity of C * -algebras [10] , and it played an important role in Elliott's programme to classify simple nuclear C * -algebras (for example, see [23] among many others). For quasidiagonal C * -algebras, we refer the reader to Brown's expository paper [6] , and there we particularly notice that quasidiagonal C * -algebras are stably finite.
For certain classes of C * -algebras, AF-embeddability and stable finiteness are known to be equivalent, hence they are equivalent to quasidiagonality as well. Among those C * -algebras are the crossed products considered by Pimsner and Brown, respectively: Theorem 1.1. ( [20, Theorem 9] ) Let X be a compact metrizable space and σ be a homeomorphism of X. Then the following are equivalent:
(a) C(X) × σ Z is AF embeddable,
(e) every point x ∈ X is pseudoperiodic for σ in the sense that for each x 1 ∈ X and ε > 0, there exist x 2 , . . . , x n in X such that ρ(σ(x i ), x i+1 ) < ε for all 1 ≤ i ≤ n, where the subscripts are taken modulo n and ρ is a metric compatible with the topology of X. Besides, Schafhauser [21] proved that these properties are all equivalent for graph C * -algebras C * (E) and that C * (E) is finite exactly when E has no loops with an exit. In [8] , Clark, an Huef, and Sims considered these properties with k-graph C * -algebras and proved that quasidiagonality and stable finiteness are equivalent. They also provided two more conditions equivalent to quasidiagonality, and obtained that they are all equivalent to AF-embeddability for 2-graph algebras.
Motivated by these works, in this paper we study AF-embeddability, quasidiagonality and stable finiteness of labeled graph C * -algebras with focus on finding equivalent conditions in terms of labeled graph or its path spaces. We first show the following: Actually this comes easily from the structural result of labeled graph C * -algebras C * (E, L) by Bates, Pask, and Willis [4] that C * (E, L) is stably isomorphic to the crossed product of an AF algebra by the integers because once this is observed, then we can apply Brown's result Theorem 1.2.
On the other hand, if we restrict ourselves to labeled graphs (E, L) where the labeling map L : E 1 → A is onto a finite alphabet A, then we can say more, especially on path space conditions as stated in (e) of the following theorem: (a) C * (E, L) is AF-embeddable, (b) C * (E, L) is quasidiagonal, (c) C * (E, L) is stably finite,
(E, L) is pseudo-periodic, and for α, β ∈ L(E k ), k ≥ 1, r(α) ∩ r(β) = ∅ ⇐⇒ α = β.
To prove Theorem 1.4, we first view our labeled graph C * -algebra C * (E, L) as the C * -algebra of a Boolean dynamical system investigated by Carlsen, Ortega, and Pardo [7] where they proved that a C * -algebra of a Boolean dynamical system is isomorphic to a C * -algebra of a topological graph which was introduced and studied intensively by Katsura in [15, 16, 17, 18] . Thus if (E, L) is a labeled graph considered in Theorem 1.4, then there always exists a topological graph
Then we can possibly apply Schfhauser's results [22] where he proved that if E is a compact topological graph, then C * (E) ∼ = C(E ∞ ) × σ Z and so could apply Theorem 1.1 to obtain that AF-embeddability, quasidiagonalty, and stable finiteness are all equivalent to finiteness for C * (E). Thus equivalence of four properties (a) − (d) of Theorem 1.4 follows from the isomorphism
For condition (e) of Theorem 1.4 which we are most interested in, we look at a combinatorial characterization on E obtained by Schfhauser for a finite C * -algebra C * (E). (This characterization was obtained again from Theorem 1.4). In our case of labeled graph C * -algebras C * (E, L) ∼ = C * (E), the compact vertex space E 0 is the Stone's spectrum of the smallest accommodating set E generated by the range sets of all labeled paths (thus consists of the ultrafilters of E). Hence, when we consider the infinite paths E ∞ as sequences of vertices (hence sequences of ultrafilters in E), it is not clear how to explain them by using the labeled paths in the labeled graph (E, L). Thus, the equivalence of the condition (e), described in terms of labeled graph itself, to the rest of four finiteness conditions is where the present paper makes a contribution.
The second condition about ranges of labeled paths in Theorem 1.4.(e) is equivalent to the injectivity of d : E 1 → E 0 of a topological graph (E 0 , E 1 , d, r) associated to (E, L) as we will see in Proposition 4.3. Note that this injectivity condition of d is necessary for C * (E) to be finite (or AF-embeddable). Under this necessary condition, we obtain the following: 
then we have the following:
(a) C * (E, L) is simple if and only if every infinite word a ∈ L(E ∞ −∞ ) contains every finite path in L * (E) as its finite word.
The space L(E ∞ −∞ ) denotes the closure of the two-sided infinite paths of (E, L) in the compact space A Z . Then it consists of all a ∈ A Z such that each of its finite words must belong to L * (E) (that is, must appear a labeled path in (E, L)). In view of Theorem 1.1, we show in Lemma 4.17 that the C * -algebra C * (E, L) is isomorphic to the crossed product 
This paper is organized as follows. In Section 2, we set up notation and briefly review some of the useful facts on labeled graph C * -algebras, topological graphs E associated to labeled graph (E, L), and quasidiagonal (or AF-embeddable) C * -algebras. Then in Section 3, it is obtained that AF-embeddability, quasidiagonality, and stable finiteness are all equivalent for labeled graph C * -algebras. Section 4 is devoted to investigate the labeled graph C * -algebras over finite alphabet. We analyze the topological graphs associated to labeled graphs and finiteness of their C * -algebras based on Schafhauser's result [22] . For this we employ various path spaces and fully make use of the generalized vertices to prove many lemmas that help us explain the Stones' spectrum of the accommodating set E and obtain the results that we believe are very convenient and tractable.
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Preliminaries
In this section we set up notation and review definitions and basic results we need in this paper. For more details, we refer the reader to [1] , [7] , [13] , and [22] .
2.1. Labeled graphs and their C * -algebras. A directed graph E = (E 0 , E 1 , r, s) consists of the vertex set E 0 and the edge set E 1 together with the range, source maps r, s :
. If every vertex in E emits only finitely many edges, E is called row-finite.
For each n ≥ 1, E n denotes the set of all paths of length n, and the vertices in E 0 are regarded as finite paths of length zero. The maps r, s naturally extend to the set E * = ∪ n≥0 E n of all finite paths, especially with r(v) = s(v) = v for v ∈ E 0 . By E ∞ , we denote the set of all right-infinite paths x = λ 1 λ 2 · · · , where r(λ i ) = s(λ i+1 ) for all i ≥ 1 and we define s(x) := s(λ 1 ). Similarly we will consider the set
of all left-infinite paths(r(x) := r(λ 1 )) and the set
of all bi-infinite paths in E. For A, B ⊂ E 0 and n ≥ 0, we use the following notation
and AE n B := AE n ∩ E n B with E n v := E n {v}, vE n := {v}E n . Also the sets of paths like E ≥k , AE ≥k , and AE ∞ which have their obvious meaning will be used. A loop is a finite path λ ∈ E ≥1 such that r(λ) = s(λ), and an exit of a loop λ is a path δ ∈ E ≥1 such that |δ| ≤ |λ|, s(δ) = s(λ), and δ = λ 1 · · · λ |δ| . A graph E is said to satisfy Condition (L) if every loop has an exit.
A labeled graph (E, L) over A consists of a directed graph E and a labeling map L : E 1 → A which is always assumed to be onto. Given a graph E, one can define a socalled trivial labeling map L id := id : E 1 → E 1 which is the identity map on E 1 with the alphabet E 1 . The labeling map naturally extends to any finite and infinite labeled paths,
, and similarly to infinite paths. We often call these labeled paths just paths for convenience if there is no risk of confusion, and use notation
The range and source of a path α ∈ L * (E) are defined to be the following sets of vertices
and the relative range of α ∈ L * (E) with respect to A ⊂ E 0 is defined by
A collection B of subsets of E 0 is said to be closed under relative ranges for (E, L) if r(A, α) ∈ B whenever A ∈ B and α ∈ L * (E). We call B an accommodating set for (E, L) if it is closed under relative ranges, finite intersections and unions and contains the ranges r(α) of all paths α ∈ L * (E). In other words, an accommodating set B is a Boolean algebra such that r(α) ∈ B for all α ∈ L * (E). If B is accommodating for (E, L), the triple (E, L, B) is called a labeled space. We say that a labeled space (E, L, B) is set-finite (receiver set-finite, respectively) if for every
holds for all A, B ∈ B and α ∈ L * (E). If B is closed under relative complements, we call (E, L, B) a normal labeled space. Notation 2.1. For A ∈ B, we will use the following notation
Note that I A is an ideal of the Boolean algebra B.
Assumptions. Throughout this paper, we assume that graphs E have no sinks and sources, and labeled spaces (E, L, B) are weakly left-resolving, set-finite, receiver set-finite, and normal.
is a family of projections {p A : A ∈ B} and partial isometries {s a : a ∈ A} such that for A, B ∈ B and a, b ∈ A,
It is known [1, 2] that given a labeled space (E, L, B), there exists a
is unique up to isomorphism, and we simply write
to indicate the generators s a , p A that are nonzero for all a ∈ A and A ∈ B, A = ∅.
Definition 2.3. We call the C * -algebra C * (E, L, B) generated by a universal representation of (E, L, B) the C * -algebra of a labeled space (E, L, B). For a labeled graph (E, L), there are many accommodating sets to be considered to form a labeled space. By E we denote the smallest accommodating set for which (E, L, E) is a normal labeled space. We call C * (E, L, E) the labeled graph C * -algebra of (E, L) and often denote it by C * (E, L).
Recall that a labeled space (E, L, E) is said to be disagreeable if for any nonempty set A ∈ E and a path β ∈ L * (E), there is an n ≥ 1 such that L(AE |β|n ) = {β n } ([3, Definition 5.2] and [13, Proposition 3.2]). Below is the Cuntz-Krieger uniqueness theorem for labeled graph C * -algebras:
Remark 2.5. Let (E, L, B) be a labeled space with C * (E, L, B) = C * (s a , p A ). By ǫ, we denote a symbol (not in L * (E)) such that aǫ = ǫa, r(ǫ) = E 0 , and r(A, ǫ) = A for all a ∈ A and A ⊂ E 0 . Let L # (E) := L * (E) ∪ {ǫ} and let s ǫ denote the unit of the multiplier algebra of C * (E, L, B). Then one can easily show that
is an equivalence relation, and the equivalence class
with the convention
there exist an N ≥ 1 and a finite number of paths
It is now well known that C * (E, L, E) is simple if and only if (E, L, E) is disagreeable and strongly cofinal ( [3] , [14] ).
Infinite path spaces
. Let A be a countable alphabet and let A * (A N and A Z , respectively) denote the set of all finite words (right-infinite and bi-infinite words respectively) in symbols of A. For α ∈ A * , (α] denotes the set {βα | β ∈ A * } ∪ {α} of all finite words that end with α. Similarly [α) denotes the set of all finite words that start with α. With the product topology, A N is a metrizable space in which the cylinder sets
α ∈ A * (|α| = n), form a countable basis of open-closed sets (see Section 7.2 of [19] ). Similarly, the product space A Z is also a metrizable space and the cylinder sets
α, β ∈ A * , form a basis, where a [−n,−1] := a −n · · · a −1 and a [0,n] := a 0 · · · a n . We will also consider left-infinite words a = · · · a −3 a −2 a −1 , and by A −N we denote the set of all such words which also forms a metrizable space with a countable basis consisting of cylinder sets
Let (E, L, E) be a labeled space with L(E 1 ) = A. By L(E ∞ ), we denote the closure of all infinite labeled paths L(E ∞ ) in A N . Then it is not hard to see that L(E ∞ ) consists of all right-infinite words (or sequences) a ∈ A N such that every finite word of a occurs as a labeled path in L * (E);
Similarly, the closure
Note that if A is finite, then A N , A −N , and A Z are all compact spaces (with compactopen cylinder sets), hence our labeled path spaces L(E ∞ ), L(E −∞ ), and L(E ∞ −∞ ) are all compact as well.
Topological graphs of labeled spaces.
A topological graph E = (E 0 , E 1 , r, d) consists of locally compact second countable spaces E i , i = 0, 1, and continuous maps d, r : E 1 → E 0 such that d is a local homeomorphism. The C * -algebra C * (E) of a topological graph E was introduced and studied systematically in [15, 16, 17, 18] . Here we review from [7, Section 5] that there is a topological graph E associated to a labeled space (E, L, E) such that C * (E) ∼ = C * (E, L, E) whenever E has no sinks or sources and A := L(E 1 ) is a finite alphabet.
Let E be a graph with no sinks or sources and (E, L, E) be a labeled space over a finite alphabet A = L(E 1 ). Then there exists a Boolean dynamical system (E, A, θ), θ = {θ a } a∈A ), where θ a has a compact range and a closed domain in the sense of [7, Definition 3.3] . To see this, first note that for each a ∈ A, the map θ a : E → E given by
is an action on E, that is, θ a is a Boolean algebra homomorphism such that θ a (∅) = ∅. Since θ a (A) = r(A, a) ⊂ r(a) for A ∈ E and r(a) = ∪ b∈A r(ba) = θ a (∪ b∈A r(b)), the range set r(a) is the least upper-bound for {θ a (A)} A∈E , and thus θ a has compact range R θa := r(a). Moreover, since E 0 = ∪ b∈A r(b) ∈ E (E has no sources), we see from
Recall that a filter of a Boolean algebra B is a subset ξ ⊂ B which satisfies the following properties:
Moreover, a filter ξ is called a ultrafilter if A ∈ ξ and A = B ∪ C for B, C ∈ B, then either B ∈ ξ or C ∈ ξ. An ultrafilter is a maximal filter.
Let E be the set of all ultrafilters of E with topology of which the cylinder sets
A ∈ E, form a basis. E is called the Stone's spectrum of E. Z(A) is compact and open for all A ∈ E, A = ∅. If I is an ideal of E, it is a Boolean algebra itself and its Stone's spectrum I is canonically embedded in E via the map ξ → ι(ξ) : I → E given by ι(ξ) := {A ∈ E : A ⊃ B for ∃B ∈ ξ}.
In particular, for an ideal of the form I A := {B ∈ E : B ⊂ A}, A ∈ E, one can easily see that
is a compact open subset of E (see [7, Section 2] ). If J is an ideal of E containing I, then ι(ξ) = ι(ι J (ξ)) for each ξ ∈ I, where ι J (ξ) := {A ∈ J : A ⊃ B for ∃B ∈ ξ} ∈ J . Particularly, for ideals J ⊃ I A of E we have
For each a ∈ A, we will write I a := I r(a) , which then gives ι( I a ) = Z(r(a)).
Remark 2.6. Let A = L(E 1 ) be finite. For the Boolean homomorphism θ a : E → I a (⊂ E), a ∈ A, given by θ a (A) = r(A, a), every A ∈ I a satisfies A ⊂ r(a) = θ a (E 0 ). Hence by [7, Lemma 2.9] , θ a induces a continuous map θ a : I a → E given by
Now we review from [7] how one can obtain a topological graph E = (E 0 , E 1 , d, r) from a labeled space (E, L, E) over a finite alphabet A. Let (E, A, θ) be the Boolean dynamical system of the labeled space (E, L, E), namely θ = (θ a ) a∈A and θ a : E → E given by θ a (A) := r(A, a) is a Boolean algebra homomorphism such that θ a (∅) = ∅. Set E 0 := E and E 1 := ⊔ a∈A I a be the disjoint union of Stone's spectrums { I a } a∈A of the ideals I a 's. For convenience, let us write as in [7] E 0 = {v ξ : ξ ∈ E } and
where
Here θ a : I a → E is the map given in (3). Then by [7, Proposition 5 .
is a topological graph which we will call the topological graph of (E, L). 
2.5. Quasidiagonal C * -algebras. A separable C * -algebra A is quasidiagonal if it has a faithful representation π : A → B(H) such that π(A) is a quasidiagonal set of operators in the sense that there is an increasing sequence p 1 ≤ p 2 ≤ . . . of finite rank projections in B(H) such that p n → 1 H (SOT) and
. It is well known that a quasidiagonal C * -algebra does not have any infinite projections, in other words it is a finite C * -algebra. Since the property of being quasidiagonal of a C * -algebra A is preserved to the matrix algebras M n (A) over A for all n ≥ 1, it follows that every quasidiagonal C * -algebra is stably finite, whereas the converse is not true. AFembeddable C * -algebras are examples of quasidiagonal C * -algebras.
3. AF-embeddable labeled graph C * -algebras
In order to see whether the equivalence results of Theorem 1.1 or Theorem 1.2 can be obtained for a labeled graph C * -algebra, we first need to review the skew product of labeled graphs from [4] . Let (E, L) be a labeled graph and c, d :
r c (e, g) = (r(e), gc(e)), s c (e, g) = (s(e), g), and the labeling map
For example, if 1 : E 1 → G denotes the function given by 1(e) := 1 G , the unit of G, for all e ∈ E 1 , then L 1 (e, g) = (L(e), g) for all (e, g) ∈ (E × c G) 1 .
Proposition 3.1. Let (E, L, E) be a weakly left-resolving, set-finite labeled space. Then the following are equivalent:
Proof. By Theorem 1.2, it suffices to show that C * (E, L, E) is stably isomorphic to the crossed product of an AF algebra by Z. Define c : E 1 → Z by c(e) = 1 for all e ∈ E 1 and consider the C * -algebra C * (E × c Z, L 1 ). By [4, Theorem 2.11], this C * -algebra is isomorphic to the labeled graph C * -algebra of the labeled graph (E × c Z, L 1 ) in our sense, and by [4, Theorem 6.10], it is stably isomorphic to the fixed point algebra C * (E, L, E) γ of the gauge action γ on C * (E, L, E), namely
where K denotes the algebra of all compact operators on an infinite dimensional separable Hilbert space. The fixed point algebra is AF, whence C * (E × c Z, L 1 ) must be an AF algebra. Finally from [4, Corollary 6.8] we see that 4. AF-embeddable C * -algebras of labeled graphs over finite alphabet
In this section, under the assumptions that E is a graph with no sinks or sources and (E, L) is a labeled graph over finite alphabet A = L(E 1 ), we provide an equivalent condition for C * (E, L) to be quasidiagonal in terms of the infinite path spaces of (E, L). We also show that C * (E, L) is the crossed product of the commutative C * -algebra C(X) of the continuous functions on a compact metric space X (= L(E ∞ −∞ )) by Z generated by the shift map σ which we define later.
Standing Assumptions: In this section, E is a graph with no sinks or sources and (E, L) is a labeled graph over finite alphabet A := L(E 1 ).
) is compact and has no sinks. Moreover d is surjective.
Proof. Since E 0 = ∪ a∈A r(a) ∈ E, we will see that E 0 (= E) is compact once we know E = Z(E 0 ). But this is rather obvious because every ultrafilter ξ ∈ E must contain the largest set E 0 in E. Now we show that d is surjective. Let v ξ ∈ E 0 , and set ξ a := {B ∩ r(a) : B ∈ ξ}, a ∈ A.
We show that there is an a ∈ A such that ξ a ∈ I a and d(e a ξa ) = v ξ . First note that ∅ / ∈ ξ a for some a ∈ A. In fact, if for every a ∈ A there is a B a ∈ ξ such that B a ∩ r(a) = ∅, then with B := ∩ a B a ∈ ξ (which is nonempty since ξ is a filter), we have
a contradiction. Choose a ∈ A with ∅ / ∈ ξ a . Then ξ a ∈ I a and thus we can consider an element e a ξa ∈ E 1 a ⊂ E 1 . From the definition of d, we have d(e a ξa ) := v ι(ξa) = v ξ if and only if ι(ξ a ) = ξ. Now ι(ξ a ) = ξ follows from the fact that the ultrafilter ι(ξ a ) := {A ∈ E : A ⊃ B for ∃B ∈ ξ a } = {A ∈ E : A ⊃ B ∩ r(a) for ∃B ∈ ξ} obviously contains the ultrafilter ξ.
Lemma 4.2. Let ξ ∈ E be a ultrafilter. Then for each l ≥ 1, there exists a unique
We may assume that k ≥ l. Since ξ is a ultrafilter, at least one of the generalized vertices [ 
implies a = b (hence ξ, η ∈ I a ) and ι(ξ) = ι(η). Since ξ → ι(ξ) : I a → E is injective, we also have ξ = η.
In particular, (4) 
Then for A ab := r(a) ∩ r(b) ∈ E, the ideal I A ab = {B ∈ E : B ⊂ A ab } is nonempty. Choose ξ ∈ I A ab and consider ι(ξ) in E. Then by (2), Then we have ι(ξ) = ι(η), namely {A ∈ E : A ⊃ B for ∃B ∈ ξ} = {A ∈ E : A ⊃ B for ∃B ∈ η}. If a = b, then the injectivity of ι gives ξ = η, which is not possible since e a ξ = e b η . So suppose a = b. If B ∈ ξ, then B ⊂ r(a) and so B ∩ B ′ = ∅ for any B ′ ∈ η since B ′ ⊂ r(b), which means B / ∈ ι(η). But this is also impossible because ξ ⊂ ι(ξ) = ι(η). The last assertion follows from the fact that if C * (E, L) ∼ = C * (E) is finite, d is injective (see [22, Theorem 6.7] ).
From the proof of the above proposition, we see that if C * (E, L) is finite, the Stone's spectrum of E is the disjoint union of the compact open subsets Z(r(a))'s, that is E = ⊔ a∈A Z(r(a)). Moreover we have the following corollary.
Corollary 4.4. For the topological graph (E
Proof. 
is one-to-one (not necessarily onto). Moreover one can show that for an ultrafilter ξ ∈ I a and l ≥ 1, there is a unique [v] l contained in ξ(⊂ ι(ξ)). Thus we may write [ξ] l for [ι(ξ)] l with no risk of confusion. Now define a metric ρ on E as follows:
Then a simple calculation gives ball(ξ :
which proves the following lemma.
is the topological graph of (E, L), the metric ρ is compatible with the topology on E 0 (= E ).
Recall from [22, Definition 6.6 ] that an ε-pseudopath, ε > 0, in a topological graph E = (E 0 , E 1 , r, d) is a finite sequence α = (e n , . . . , e 1 ) of edeges in E such that for each i = 1, . . . , n − 1, ρ(r(e i ), d(e i+1 )) < ε, where ρ is a metric compatible with the topology of E 0 . An ε-pseudopath is called an ε-pseudoloop based at d(α) := d(e 1 ) if ρ(r(α), d(α)) < ε where r(α) := r(e n ). It is known in [22] that if E is a compact topological graph with no sinks such that the C * -algebra C * (E) is AF-embeddable (or equivalently finite), then for each v ∈ E 0 and ε > 0, there exists an ε-pseudoloop based at v.
We are now interested in finding conditions of a labeled space (E, L) that gives rise to a quasidiagonal C * -algebra C * (E, L) which can be viewed as the C * -algebra of the topological graph E of (E, L, E). Thus we need to understand when an 'ε-pseudoloop' exists at each ξ ∈ E = E 0 in terms of labeled space (E, L). For this, we start with measuring the distance between range and domain vertices of two edges in E 1 .
Proof. By definition of d and r, ρ(d(e a ξ ), r(e b η )) ≤ 1 2 (m+1) holds if and only if 
for some paths α j 's of length l. Then
is a finite union of vertices in Ω l , which shows that [v] l+1 must be of the form ∩ i r([w i ] l , b), and
Thus we can conclude that
Thus we have (7). Lemma 4.7. Let (E 0 , E 1 , d, r) be the topological graph of (E, L) with an injective d : E 1 → E 0 . Then for a sequence α = (e an ξn , . . . , e
where a j := a j ′ for j = j ′ (mod n).
Proof. By Lemma 4.6, we easily see that (8) is sufficient for α to be a 1 2 m+2 -pseudoloop at ξ 1 .
So we assume for the converse that α is a
which is, by Lemma 4.6, equivalent to the following:
From Corollary 4.4 and the fact that ξ i ∈ I a i , we have
The following lemma is an easy observation.
is a ultrafilter in E, and
Remarks 4.9. (a) By the previous lemma, we can identify E with the set of all decreasing sequences
is a finite sequence of generalized vertices, there exist infinite decreasing sequences and a 1 , . . . , a n ∈ A satisfy
with the convention that a l = a l ′ whenever l = l ′ (mod n), then there exists a
for 1 ≤ i ≤ n and 1 ≤ k ≤ m, which is well-defined by Corollary 4.4. Then for the decreasing finite sequence 
and also for i = n,
This shows that ρ(r(e ) in E 1 is an ε-pseudoloop at ξ. Proposition 4.13. Let (E 0 , E 1 , d, r) be the topological graph of (E, L) and let d : E 1 → E 0 be injective. Assume further that for any left-infinite sequence (. . . , a 3 , a 2 , a 1 ) ∈ L(E −∞ ) and m ≥ 1, there exists an n ≥ 1 such that
Then (E, L) is pseudo-periodic. 
. Setting l → ∞, we ontain a left-infinite path · · · a l a l−1 · · · a 1 in A −N such that each of its finite words must appear as a labeled path in L * (E). Particularly, a i+m−1 · · · a i ∈ L(E m ) for all i ≥ 1. By the assumption, there is an n ≥ 1 such that a n+m · · · a n+1 = a m · · · a 1 , which proves that (E, L) is pseudo-periodic.
The converse of Proposition 4.13 is not true, in general, as we see in the following example.
Example 4.14. Consider the following labeled graph (E, L) with A = {0, 1}.
We first show that the labeled space is pseudo-periodic. Let m > 1 and
We have to find an n ≥ 1 and paths
, then any n ≥ 1 will do the job with
with a k = 1 for some k and a j = 0 for j = k, then take n = m and a m+j := a j for 1 ≤ j ≤ m. It is then easy to see that a i+m−1 · · · a i ∈ L(E m ) for 1 ≤ i ≤ n, and
Note that any left-infinite sequence (· · · , a 3 , a 2 , a 1 ) whose finite blocks belong to L * (E) can have at most one a i which is equal to 1. Thus for the sequence (· · · , a 3 , a 2 , a 1 ) := (. . . , 0, 0, 0, 1), while each of its finite blocks appears in L * (E), there is no n ≥ 1 such that a n+m−1 · · · a n+1 = a m · · · a 1 holds, namely this labeled space does not satisfy the assumption of Proposition 4.13. 
Proof. The first four conditions are known equivalent in [22, Theorem 6.7] . Also the path range condition in (e) is equivalent to the injectivity of d : E 1 → E 0 by Corollary 4.4, and the pseudo-periodic condition is equivalent to the existence of an ε-pseudoloop at any ξ ∈ E and any ε > 0 by Lemma 4.7 and Proposition 4.12.
If d : E 1 → E 0 is injective and ξ ∈ E 0 is a ultrafilter in E, there exists a unique decreasing
n 's each of which is a range of a unique path of length n. We will denote this path by a n ξ · · · a 1 ξ , namely [ξ] n = r(a n ξ · · · a 1 ξ ) for all n ≥ 1. Thus the map ξ → a ξ , where
is a left infinite sequences such that a n ξ · · · a 1 ξ ∈ L * (E) for each n ≥ 1, is a one-to-one correspondence between the ultrafilters in E and L(E −∞ ).
On the set A Z of all bi-infinite words which are the functions a : Z → A, a i := a(i), we will consider the shift transform τ :
Then τ is a homeomorphism on A Z . Moreover, the restriction of τ to the path space L(E ∞ −∞ ) is a homeomorphism onto itself. Note also from [22, Theorem 6 .4] that we have a homeomorphism σ :
We will also use σ for the map on A −N given by
to avoid too much notation.
Proof. We first claim that for e a ξ , e b η ∈ E 1 , e
(Note here that a 2 η a 1 η = ab.) The first equivalence is just the definition of paths of length 2 in E and thus we only need to show the second. Since r(e b η ) = v θ b (η) , by Lemma 4.2 and ∈ E ∞ , by the above claim we see that
and a 1 · · · a n ∈ L * (E) for all n ≥ 1. Let
Then by (11) with n = 2,
Thus an induction used to obtain (12) shows that for all n ≥ 1,
So far we have shown that each x = · · · e . Then the left-infinite sequences a (−∞,0] a 1 · · · a n defines ξ n ∈ E 0 so that a ξn = a (−∞,0] a 1 · · · a n for all n ≥ 1. Then obviously σ(a ξ n+1 ) = a ξn , which implies together with (10) that e a n+1 ξ n+1 e an ξn ∈ E 2 for n ≥ 1. Thus we obtain an infinite sequence x := · · · e Proof. By Lemma 4.17, it is enought to show that every a has a dense orbit if and only if it contains every possible finite path as its subpath. But this easily follows from the fact that the cylinder sets Z(α.β) form a basis for the topology of L(E ∞ −∞ ). Since the dynamical system ( L(E ∞ −∞ ), τ ) is a minimal Cantor system, applying the well known result that the crossed product C L(E ∞ −∞ ) × τ Z is a limit circle algebra (for example, see [9, Theorem VIII.7.5]), we see that the crossed product is a C * -algebra of stable rank one (hence stably finite). Then Lemma 4.17 proves the final assertion of the theorem.
Example 4.19. Let (E := E Z , L) be the labeled space of the labeled graph considered in Example 4.14. Then L(E ∞ −∞ ) is an infinite set because τ n (a), n ∈ Z, are all distinct sequences in L(E ∞ −∞ ), where a = · · · 00.1000 · · · . On the other hand, the zero sequence 0 ∈ {0, 1} Z , 0(n) = 0 for all n ∈ Z, which belongs to L(E ∞ −∞ ) does not contain any finite path α ∈ L * (E) whenever α contains 1. Thus the C * -algebra C * (E, L) is not simple by Theorem 4.18. Actually we always obtain non-simple algebras when we label the graph E Z with finite 1's and infinite 0's. Example 4.21. The non-AF but finite simple labeled graph C * -algebras C * (E Z , L ω ) considered in [12, Theorem 3.7] are such examples that satisfy condition (e) of Corollary 4.20.
